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IF Optimization

1 Convex Function

a Def f is convex if for any XY XE 0,1

1 fix fly f l ax XY

xy

H Def For differentiable f
fix fly TfCx5 x y



lift
1

fly fix TfCx5CYx

fly
fly lly

fly fix fixity
jex fly TfCxI X y



2 Convex Set let f is convex if for any yes
E 0,1

era ay



3 Gradient Descent Basic UpdateRule

Start at 101

For i O T

Xity Xi Rtf X

fixtyr fix Tf x t small 2

we want fextyr f x 20 then

Setting Tfext we get

fixtyu f x RH 1112

i update rule is negative gradient



4 Definitions

191 G Lipschitz Fleas Axiy
II fix fly 11 Glix yl

For differentiable functions

11 711 6 tx

b β smooth f is β smooth if x y
11581 Tfly β 11 411

fly ft Tfixicy x 11 411



1
3

11 8112

j
L Fixity

fly fix FLATLY 1211 411

1 jul β x



19Def α strongly convex if x x

fly fix Tfexily I 11 411

1
33

11 811

j
L Fixity

1189431 Kx

For scalars α fix β



5 Multiplying nxd matrix with dim matrix

And Bam Cnxm
file Cm

may _am a

rn.ci LrniCa LrniCm

A B C

each Lri G takes Cdl operations
Compute nxm such inner products

Total time nxmxd



6 Compute gradientof Basic Functions IR IR

FLEX
8 41

i

8

e g JCXS EXT d 2

FIX 2

2



7 Condition Number

For a matrix A

K A Gmax A
6min CAI

Imax A I for symmetric A
I min A

For a function g

bias I i



8 fix Ax bit

11 7 a X bi

2149 bi air

81 2 air dis

i

Tf AT Ax b

Ffx A'A



i Applying gradient descentstepsize Xmax ATA Xma

th Xx ATA Xt Atb

Note that
A x b 0 a Atb ATAX

Xtra Xt
Fa

ATAXt fun
AAX

Xa X I Tm AA XIX



Applying iterations we get

X X I ta A'A x

this converges quickly if max eigenvalueof
I ATA is small

Eigenvalues of this are

1 I tasttha fifth
i Largesteigenvalue is 1



i 11 1 112
11 ATA Xo 9112

11 111

1 11 912

e 11 0 1911

decides the rate of convergence to optimal
i K the smaller the better



9 PositivesemiDefinite PSD 1170

A square symmetric matrix HE is PSD

if for any vector yeRᵈ
y Hy o

Equivalently all eigenvalues ofH di 0 field

Because H VIV eigendecomposition

1 Take y Vi eigenvector

Vitri AVIV 7,141130 a t.RO



2 H VEV a Σ diag di ad

y V'Evy LEVY Ivy
112 vyI o

Is ATA PSD for any AER
ᵈ

Y y A'Ay Ay Ay
HAY I 0



10 Stationary Points

For a differentiable f a stationary point
is any with

J X 0

Stationary points can be Globalminimax
Local min max
Saddle point

mW 46him



11 Center of Gravity Method

if bdd between B B on cux set

Center of gravity x ̅ it fix feiste
using G dog Be calls to gradient oracle

for cux f
Need a representation of not just proj
oracle

centerof gravity of is defined as

c fes d add

volCS hes Idk



n

For each 4 1 T let Ct centerof
apravest

H XERd X Ct TIED 0

Sta SMH

EH

fly f ca Ff G Y CH

if Tf G y t 30 then fly Ct

We the rule is ok



12 Grunbaum Theorem

For any cux set with centerof grav C

any half sp 2 a c 0 then

Vol SAZ

F t

Let 2 be compliment of It in centerofgrav
method then we cut off at least
fraction of ox body
i VOICE 1

ᵗ
rolls

Cvg rate



We don't use center of gravity in practice
because

Computing centroid is hard P Hard

even if f is intersection of halfsp



11 Linear Program
Linear constraints Linear objective

min Ex
st AX b

eg min C it ten n
s t

a x tan Xu bl
c it it Cnxnbadx t tdmXn b

X1 X2 0

9 Mff constraint satisfaction



12 Projection Oraile

Given set Let x be any point then

Psi X argmin
yes

114 7112

II it



13 Separation Oracle

For a convex set K Given any point y

sexy say 0 if Yek
separating hyperplane if YEKa c

y
2X atx Cg



Separation Oracle for simple convex set
e g I ball

i

K

If Hyll 1 then return

else return 4 1111

For HER if 11 11 1

For YEK 444 1141171



e g.li ball

11 11 I

Basically use y to give a separation
oracle

Consider vii Vn when Vi sign y
then

if EK VTX

if YE K V y 11411 1



14 Relax Round Approach

Vertex Cover 05

Of

Select nodes with min wt it they cover
all edges

edge i j vertex i or vertex j

each vertex varable Xi LEND

i 0 or I denoting if we choose thatvertex or not
e fi X or Xj l or both



i minimize wt
s t all edges covered

min iwi
it 0,1

s t Xi t X 1 HI DEE

i E 0 13 Hiev

not a linear program

why

Relax



min Σ Xiwi
if20,1

s t it I i j E E

is 0 EV

suppose we solve this LP We can get fractional
solutions Now we will round it to
integral solutions x ̅

idea If I 1

if X x ̅ 0



claim x ̅ is a valid solution ie satisfies the
constraints

for any cinite Xitx 1 and o

i at least one of orXp 0.5

if it j ee it x ̅ 1

Claim EW X 2 E Wix
because WiFi EE Wi

i.ES 2XiWiEE2xiWi



Let OPT denote the optimal last of the

best integral solution

IN X Cost X costof ouralgo

Wix lost X costof optimal
fractional solu

Cost X OPT

cost x ̅ 2Cost X

I

lost x ̅ Lost X 208T



Spectral Graph Theory



1 Graph G V E W

Adjacency Matrix A Aij Aji We if ii site
Aij Aj o if Li j the

Laplacian Matrix L D A

degree matrix

Normalized Adjacency Normalized Laplacian

A D A 5 I DE L DE

I DYA5
I A



Edge Incidence Matrix Assign orbit sign to
edge Vi

I_ bi
each row corresponds to

B if 1 b an edge with a sign

in nodes

L BTB a bable but hdimer vcc

bub

Kilee
1 on His ii j

j 1 1 1 1 on Ii j liii



2 i babh bib t bmbin

i BTB

i LEO X'B'BX IIBXIP.IO

EIR
LX Xii 15

because Bx Xi j YEE

i XTBTBX
y.EE X1i1 X1jJ



3 Linear Algebraic Way to compute out

CE 1 13 cut vector

ELC FEE CCI j

If II Ccj then we get 4
ceil j then we get O

i CTLC cut 5,5

Also CI 151 154

Balanced art Minimize both III grim



i Balanced cut
min
3

c s t C a

Relaxing c faith to 11412 1 we get
Then we get

HEY CTX st.CI 0

Minimized exactly by thesmallestsecond eigenvalue



min VTLV smallest eigenvalue
11111

Fact I L BTB PSD matrix

let V I

VLV
E

V14 VISIT

FEE 11 1 0

i Un with eigenvalue 0

Uni again
etc st.CI 0



Relax and Round

Un t agff CLC sit c 1 0

Round

Let S be all nodeswith Vn i 20

Let s be all nodes with Unci 30

sign Vn 1



5 SBM Planted Clique Random Graph

SBM Gn pig dist over graphs on n nodes

split equally into 2 975
nodes

Any 2 nodes in same group are conn
miter prob p Imith self loop

Any 2 nodes in diff group are town
with prob q e p



Random Graph GCN.pl
Connect any 2 nodes with prob p

Planted Clique
1 Sample G V E from G n p generallyp11

2 Choose SEV k vertices unit at random

3 Construct 6 by planting clique on S



6 SBM

EA PPPP gaga
PPPD aquar
pppp woraw
pppp anger
garger
ppppqqqappppwwaqpppp

awqwpppp.IED ptg I

IEL ED IEA a eigenvec of A eigenvec of L

Smallest eigenrec 11 eigvalue 0



Largest eigenrec

pppp gaga 1

PPPD aquar
pppp woraw
pppp awww 1garger pppp I
quera pppp
away pppp
awww PPPP

2ⁿᵈLargest Eigenvec
pppp gaga 1

PPPD aquar
pppp woraw
pppp awww PIgarger pppp I 75 0

3
qqqappppwwaqpppp

awawpppp.it



Matrix Concentration understanding

AIP
11A EAI O Fn for p 0

109

Daviskahan
A A sit PA All E

vi In.tn
OCvi.li angle bw eigenvec

Sim O vi Vi E

Mii H XII
X In eigenval of A



In SBM

KEY di d min on p a

E O Fn
We get
sin of until O Fn

MI la dit

O Jpn
e a n 06



live till O
p n

Sign V2 it all prettymuch the
same

Entry i contributes we get
sign vz v2 differ by at most


